It is often advantageous to modify, or warp, radar waveforms, particularly with respect to group-delay and spectral dilation. These warping adjustments may facilitate real-time motion compensation of waveforms in radar systems, especially when those waveforms are generated by a digital parametric waveform generator. Relevant waveforms to this paper include Frequency Modulated (FM) waveforms, such as the Linear-FM (LFM) chirp, Non-Linear FM (NLFM) chirp, and other general FM waveforms. We present techniques for making fine adjustments to dynamically warp general FM waveforms.
INTRODUCTION
Intelligence, Surveillance, and Reconnaissance (ISR) radar systems, especially those carried by airborne platforms, are often in motion during their interrogation of target scenes. Such radar systems and modes might include 
Inverse-SAR (ISAR).
Processing data collected for these modes is often considerably aided by dynamic waveform parameter manipulation on a pulse-to-pulse basis to compensate for radar motion during the data collection interval. This is quite common in highperformance radar systems. 1 Common waveforms for such systems are Frequency Modulated (FM) waveforms, especially the Linear-FM (LFM) chirp waveform. The LFM chirp is particularly easy to generate and manipulate to effect radar motion compensation. LFM chirp waveforms in high-performance radar systems are often generated using programmable digital parametric waveform generators.
Other FM waveforms can offer advantages with respect to system Signal-to-Noise Ratio (SNR) and processing sidelobe control. Both improve radar target detection and characterization capabilities. These other FM waveforms can also be generated by programmable digital parametric waveform generators, but often require additional complexity in their implementation. This additional complexity is often prohibitive to calculating completely new waveforms for each radar pulse. The ability to dynamically generate essentially new radar waveforms specific to each individual pulse is essential to high-performance radar operation, and is used to compensate for radar motion both between pulses and during pulses. Consequently, efficient manipulation of their parameters to effect robust motion compensation can be problematic.
The aspects of a pulse's waveform that are particularly useful to motion compensation include 1. Programmable fine control of a pulse's relative delay, or time-offset, and 2. Programmable fine control of signal's rate within a pulse, or the dilation of a signal's time.
Dynamic control of these characteristics is generally sufficient to adequately warp the waveform to maintain optimum radar performance, even for high-performance ISR radar systems. Dynamic fine-delay control will generally be used by the radar to compensate inter-pulse radar motion, and dynamic fine time-dilation control will generally be used by the radar to compensate intra-pulse radar motion.
What is needed is a relatively simple way to add programmable fine-delay control, and programmable fine time-dilation control to a general FM waveform, suitable for implementation in a programmable digital parametric waveform generator.
As background for this paper, we offer the following.
A paper by Doerry, et al., discusses the implementation of a programmable digital parametric LFM waveform generator. 2 This paper, while presenting a number of static waveform adjustment mechanisms, however does not discuss any dynamic motion compensation features.
A patent by Dudley and Tise presents a multiplexed digital waveform synthesizer that generates LFM chirps but does not discuss any waveform warping techniques. 3 A paper by Doerry discusses the benefits of LFM waveform parameter manipulation to effect motion compensation, however it is specific to the LFM waveform. 4 It does not address other FM waveform types, nor does it discuss how to implement these adjustments in a digital waveform synthesizer.
Another paper by Doerry presents parametric techniques for generating NLFM chirp waveforms, but does not discuss efficient fine control of waveform parameters. 5 This paper is an abridged version of a report on the same topic. 6 In addition, a patent describes these techniques. 7 Motion compensation and other fine-adjustment techniques were not addressed.
Another report by Doerry discusses processing NLFM chirp waveforms. 8 This report, however, presumes a constant transmitted waveform and presumes any compensation is done in the processing of the signals after echoes have been received. It does not allow for any benefits of modulating the transmitted waveform itself.
A recent paper by Wang, et al., presented an actually SAR implemented using a NLFM waveform. 9 It also used a fixed transmitted waveform, and performed all motion compensation on the received signal. Processing was not explicitly stated to be "real-time" and is presumed to be otherwise. This paper is an abridged version of a more comprehensive report by the author. 10 
EXECUTIVE SUMMARY
We present herein a method to warp a general FM waveform in a manner to facilitate an arbitrary time-delay and timedilation. In a parametric digital waveform synthesizer, this is accomplished by intercepting the frequency modulation signal (that modulation signal that normally frequency modulates the waveform) and scaling this prior to phase accumulation. In addition, this scaled frequency is further scaled by a desired time-delay before being added to the output phase itself. Together, these frequency and phase perturbations can alter (warp) a signal's output phase to match the phase of a time-shifted and time-dilated signal. These adjustments can be easily done on a pulse-to-pulse basis, effecting dynamic waveform control, even for relatively complex frequency modulations.
These particular waveform perturbations allow pre-warping a radar signal to accomplish precise motion compensation, where time-delay is adjusted to compensate inter-pulse Doppler, and time-dilation is adjusted to compensate intra-pulse Doppler.
DETAILED DISCUSSION

The Signal Model
Consider a transmit (TX) signal consisting of multiple pulses described by
where t = time, n = pulse index number, 
and
The entire collection of N pulses comprises the Synthetic Aperture for SAR systems, and the Coherent Processing Interval (CPI) for GMTI/DMTI/WAS systems.
We shall presume that the phase function 
We stipulate that the bandwidth is less than the center frequency. In fact, it is typically much less for microwave radar signals.
If we assume the transmitted signal is reflected by a distortionless isotropic point-scatterer, then the received (RX) echo signal is described by
where R a = RX signal amplitude, and s t = target scatterer echo delay time.
In general, target echo delay s t will be time-varying. We write this as a first order expansion of the delay as 
Using Eq. (7), we can rewrite the RX signal as
In this expression, we identify pulse-to-pulse variations in the term 0 s t as a manifestation of inter-pulse Doppler, and the term 2 s v c as a time dilation that is a manifestation of intra-pulse Doppler.
For many ground-observing ISR applications (e.g. SAR, GMTI, etc.), we desire to calculate positions and velocities with respect to some Scene Reference Point (SRP). Accordingly, we define for the n 
This allows us to define a relative range offset of the target with respect to the SRP as
and a corresponding relative velocity of target with respect to the SRP as
This lets us write the received signal as
For many applications, the relative velocity of target with respect to the SRP, , sc n  , insofar as it affects intra-pulse Doppler can be assumed to be negligible, based on a criterion that target velocity causes a range change during the TX pulse width of less than 1/20 the nominal wavelength.
To yield simplicity to the subsequent development, we define 
Consequently, ignoring intra-pulse Doppler effects of target motion relative to the SRP yields the modified model
While this is our model, what we really desire is a stabilized model where time dilation due to , c n v is compensated, and fluctuations due to 0, c n t are compensated. That is, we desire a model more like
where the only fluctuations due to pulse index n are in the 0, sc n  term. This makes for considerably easier processing.
For convenience, we will write the received signal as
where pulse-to-pulse variations in nominal range to SRP are embodied in the relative time-offset parameter
Basic Fourier Properties
We begin by defining the Fourier Transform and its inverse for a signal in this report as
, and
We identify a Fourier pair with the notation
A time-scaled, or time-dilated, signal along with a time-shifted signal yields the Fourier Transform pair
This suggests that a time-domain shift and dilation can be achieved with a frequency-domain phase modulation and frequency scaling.
Modifications to the TX Waveform
Now let us create a new TX signal that has been pre-warped relative to the original TX signal, and now identified with the "prime" superscript, by
where now the new phase function relates to the old phase function as
Transmitting this new waveform yields the modified RX signal
We can expand this using Eq. (22) and then in terms of the original TX signal phase as
As a practical matter, the radar and target velocities are small enough that we may approximate without ill effect     
where we recall the relevant parameters are defined by Eq. (31). This now defines the architecture we will implement. We illustrate the creation of this function with the signal diagram in Figure 1 . Ignoring amplitude scaling variations is justified based on the scaling being only a minor departure from unity, and ultimately the TX signal likely being sent through a highly compressive power amplifier anyway.
We also note that that while it is quite possible to generate a single-sideband equivalent of a complex signal with real (in-phase) and imaginary (quadrature-phase) as displayed, a more common technique is to substitute the expj( ) function with a sin( ) function. Unwanted sidebands can be filtered by the radar hardware later.
We observe that for a digital waveform synthesizer, a delay can also be generated by simply delaying the specific clock cycle with which the waveform is generated. However, such delays are necessarily quantized into increments of the basic clock period. This allows the possibility of using a clock delay for a coarse time-delay adjustment, and the method of this paper for a fine time-delay adjustment. 
Frequency modulation
∫ × × ∑ exp j( )   T t     T t    T x t  0 T  0 t  a × T a
Example
We offer the following example, where we are assuming the following NLFM chirp waveform parameters, 
The simulation used 1 ns time steps. Three waveforms were generated. These include These represent, in order, 1) the perfect un-warped signal, 2) a perfect representation of the warped signal which we designate with reference phase, and 3) our simplified model of the warped signal, which we designate with modulated phase. Figure 2 compares the original signal's phase to the reference phase, and our new modulated phase with the reference phase. Note that our simplified model exhibits essentially no difference with respect to the reference phase, whereas the original signal's phase exhibits many radians of changing phase difference. Even if the linear slope were removed from the difference, there would still be significant relative error mainly at the edges due to time-scaling by parameter a. Figure 3 illustrates the cross-correlation between original signal and reference signal, and between simplified model signal and reference signal. Note that the original signal is offset by 100 ns, precisely as specified by time-offset 0 t .
However, our modulated signal precisely matches the time delay of the reference signal.
CONCLUSIONS
We summarize herein the following key points.
 General FM waveforms can be warped relatively easily with respect to time-delay, and time-dilation, without the need to completely regenerate the entire waveform. This method is quite suitable for digital parametric waveform generation.
 This method allows very fine dynamic control of waveform characteristics. The precision of control is quite suitable for motion compensation in high-performance radar systems.
 Aspects of motion compensation that can be accomplished include inter-pulse Doppler, and intra-pulse Doppler, compensation (stabilization).
 This method can be used to augment a coarse time-delay architecture where the coarse time-delay is accomplished by a clock-cycle delay. 
